ON RELATIVE CONTENT AND GREEN’S LEMMA*

BY
H. L. SMITH

It has been shownt that if the line integral [,xdy exists over a simple
closed plane curve C, then the content of K, the interior of C, exists equal
to that integral. This result may be thought of as the special case of Green’s
lemma

(1) ) fx Pu(xy)dndy = fc P(xy)dy

in which P(xy) =x; and it is to be noted that here C does not need to be
rectifiable.

In the present paper a definition of relative content is given which makes
it possible to prove that if P and P, are subject to certain conditions, the
content of K, relative to a certain non-additive function of rectangles
derived from P, exists equal to the double integral on the left of (1) and also
equal to the line integral on the right of (1) whenever that integral exists.
This result includes as a special case the form of Green’s lemma for rectifiable
C obtained by Gross,{ except that in our result P, is deliberately restricted
to be properly Riemann integrable instead of summable. In the last section
sufficient conditions for the existence of the line integral are given which
yield Green’s lemma for an important case in which C does not need to be
rectifiable.

1. Definitions and elementary theorems. Let P denote a class of par-
titions II of the rectangle Ro: a<x <b, c<y=<d, such that (1) each partition
II is formed by dividing R, into vertical and horizontal strips; and (2) the
(greatest) lower bound of the norms of the partitions II of P is zero; here by
the norm of a partition II of P is meant the (least) upper bound of the
lengths of the diagonals of the rectangles of which II consists.

Moreover let f(R) be a function (not necessarily single-valued) defined
for every rectangle R: x' <x<x'’,y'<y<y'’ lying in R,. Also, if K; and K,
are any two sets in Ry, let (K, K) =1 if K, and K, have at least one point

* Presented to the Society, April 3, 1926; received by the editors December 20, 1926.

1 H. L. Smith, these Transactions, vol. 27, p. 498.

t Wm. Gross, Monatshefte fiir Mathematik und Physik, vol. 26, p. 70. See also Van Vleck,
Annals of Mathematics, (2), vol. 22, p. 226; Bray, Annals of Mathematics, (2), vol. 26, p. 278.
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in common, and let ¢(K;, K;)=0if K, and K; have no point in common.
Finally let AIT denote any one of the rectangles of which II consists and let
NII denote the norm of II.
Then if K is a set in Ry and
lim > f(AIe(K, AL)
NIO=0 A

exists, it is called the outer content of K relative to f. In the above the
summation is naturally over all AII. If

lim Y f(A)[1 — «(Ro — K, AI)]
NI=0 A

exists, it is called the inner content of K relative to f. If both the outer and
the inner contents of K relative to f exist and are equal, their common value
is called the content of K relative to f.

The outer content of K relative to f exists absolutely if it not only exists
relative to f but also relative to |f|. Similar definitions are given to the
absolute existence of the inner content and of the content itself.

A set K is squarable relative to f if its content exists and equals zero;
it is absolutely squarable relative to f if its content exists absolutely relative
to f and is zero.

We mention the following obvious theorem:

THEOREM 1. If a set K is absolutely squarable every subset of K is absolutely
squarable.

We now prove

THEOREM 2. If the boundary of a set K, entirely interior to R, is absolutely
squarable relative to f, then the content of K exists if either the inner content or
the outer content exists relative to f.

For
g;f(AH)e(K, All) = %f(AH)ll — (R0 — K, AI)] + T(M),
where
T(O) = D f(A)e(K, A)e(Ro — K, AIN).
All
But
|7 | = §|f(An)|e(K», AI),

where K, denotes the boundary of K. Hence limnn-oT(II) =0, from which
the theorem follows.
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THEOREM 3. If K,.and K, are both interior to R, and have no points in
common and if each has inner content (f) and one of their boundaries is squarable
absolutely (f), then the inner content (f) of K1+ K. exists equal to the sum of
the inner contents (f) of K, and K.

For suppose K1, the boundary of Kj, is squarable absolutely (f). Then,
if we set K =K+ K,,

%‘,If(AH) [1 — (R — K, AD)] = gf(m) [1 — e(Ro — K1, ATD)]

+ 2f@M[(1 — e(Ro = Ky, A] + T(I),
where
T(O) = ;ijf(An)e(K,, All)e(K,, AI)[1 — e(Ry — K, AIT)].
But
| Tm| = X[ /W) | (K, AT).

Hence limyp-o7'(II) =0, from which the theorem follows.

THEOREM 4. If K, and K, are interior to R, and have no points in common
and if Ky and K, each have outer content (f) and one of their boundaries is
squarable absolutely (f), then the outer content (f) of K1+ K, exists equal to
the sum of the outer contents (f) of K, and K.

For suppose Ky, the boundary of Kj, is absolutely squarable (f). Then
2 f(@Me(K: + K, AT) = 3f(AMe(Ky, AT + 2f(Ae(Ky, ATI) — T(I),

where
(1)

2 f(AIl)e(K 1, All)e(K., AIL).
But
| T(m) | = AZHIJ'(AH) | (K1s, AL.

Hence limyn-oT(II) =0; from which the theorem follows.
Theorems 2, 3 and 4 now give

THEOREM 5. If K, and K, are interior to Ry and have no points in common
and if K, and K, each have content (f) and one of their boundaries is absolutely
squarable (f), then the content of K.+ K, exists (f) and equals the sum of the
contents (f) of K, and K,.

We shall need the following special case of Theorem 5.
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THEOREM 6. If K is the interior of a simple closed curve C which is interior
to Ro and K has inner content (f) and C is absolutely squarable (f), then K and
C+K each have content (f) and their contents are equal.

2. On the existence of relative content. Let P(xy) and Q(xy) be defined
on Ry. Then let two (multiply-valued) functions P®(R) and Q‘®(R) be
defined as follows:

P@(R) = P(x"y) — P(«'y), y Sy=9y";
QW(R) = Qxy") — Q(xy), " =x=4;

where R is the rectangle 2’ <x<x’’, y'<y<y'’, which is assumed to be in
Ro. In this section we shall be interested in content relative to P*Q(¥ in
the special case where Q(xy) =7y.

THEOREM 7. If P., the first partial derivative of P with respect to x, exists
on K, the interior of a simple closed squarable curve C in Ro, and if P is bounded
and integrable on K, then the inner content of K relative to P®yw) exists
absolutely and equals [[, P, dxdy.

To prove this, note that by the mean value theorem
S P@(AN)yW(AIN[1 — (Ry — K, AI)]
" = 2 P.(rAmATI[1 — «(Ro — K, AID)],
where “" is a point (xy) in AIIl. But .
2P(mATI[1 — (R — K, AN ] = 3 P,(4m)(K - AI«(K, AII) — T(1I),

where K -AIl denotes the set of points common to K and AII and where
T() = 2 P.(¢am)(K -ATDe(Ro — K, Ae(K, ATI) ;
A

here {°" has already been defined if e(R,— K, AII) =0 and is defined as any
point (xy) in K - AIl otherwise. But then

lim 3P, (gam) (K -AM)e(K - AT1) = f fx P.dxdy

Nm=0
and since
| T(m) | = N 2 (ame(C, Am),
Al :
where N is the least upper bound of |P.| on K, it follows that
lim 7(II) = 0.
NI

This proves the theorem.
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THEOREM 8. If P, exists and is bounded and integrable on R, and if C isa

simple closed squarable curve interior to R,, then C is absolutely squarable
(Poryn),

For
2| Po(amy®(am | «(C, aM) = X | P.(rm) | (am)e(C, am)
o Al
< N- Y (A)e(C, AlLN).
A
Hence

lim Y | P (ATT)yW (ALL) | (C, ALT) = 0,
NI Al

which is the theorem.

THEOREM 9. If K is a region bounded by a simple closed squarable curve C
and P, exists and is bounded and integrable on R,, then K and K +C each has
content equal to [[x P, dxdy relative to P(@yv,

This follows from Theorems 6, 7 and 8.

It has now become necessary to make an additional assumption concern-
ing P. We say a partition II of R, is of type (A) if* x(®(AII) is constant for
all AII of II and if y» (AIl) <« (AII) for every AII of II. A partition II of
Ryis of type (B) if it can be obtained from a partition of type (A) by subdivid-
ing some or all of the cells of that partition into at most three parts each by
means of vertical lines. We assume throughout the remainder of the paper
that P consists of all partitions of R, of type (A) or type (B).

We are now in a position to prove

LemMA 1. If C is a simple closed rectifiable curve interior to Ro, then

S y@(Ae(C, ATI) < 6-21/%C,
Al

for every I1 with norm sufficiently small, where C denotes the length of C.
To prove this we note that if 7 is less than one-half the diameter of C,
Cn = 2C, ¢

where C(,, denotes the outer content of the set of all points distant by not
more than 7 from C. But if also r =2%/1x(=(AIl), and II is of type (A),

* Naturally we are here considering only partitions of R which satisfy condition (1) of §1.

t This follows from a similar inequality for a simple arc stated by Gross, Monatshefte, vol. 29,
p. 177. The proof given by Gross is incomplete; a correct proof is to be found in the author’s Chicago
dissertation.
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> (AI)e(C, AI) < C¢y < 2¢C = 2- 225 (ATC.
Al

Hence since AIl =2 (AIIl)y» (AII) and x‘=(AII) is constant,

D yW(AIl)e(C, Al) < 2-2V2C,

Ad
which proves the result for type (A); from this the result easily follows for
type (B).

THEOREM 10. If P is continuous in x uniformly as to (xy) on Roand C is a
simple closed rectifiable curve interior to R, then C is absolutely squarable
(P@yw),

For
> | POAI)y@(AI) | «(C, A) £ o(I)Ey@(AM(C, ATl) £ ()6 -21/%C,
Al Al

where a(II) is the largest value of |P®(AII) | for all ATl of II. But on account
of the uniform continuity,

lim o(1) = 0,
NI

from which the theorem follows.

3. On the z-linear extension of P. Its uniform continuity. So far we
have been considering the function P(xy) as defined on the entire rectangle
R,. We now suppose that P(xy) is defined on a closed set S interior to R,
and show how to extend its definition to the entire plane. To this end let
(x0y0) be a point not in S. Let 2, be the lower bound of all ' such that for
2’ <x <x, the point (xy,) is not in S. Since S is closed it is clear that if z,
is finite the point (z¢y,) is in S. Similarly let z, be the upper bound of all z’/
such that for xo<x=<x’’ the point (xy,) is not in S; if z, is finite, the point
(Zoyo) isin S. We now define P(xqyo) as follows:

P(20y0) = P(z0y0) + (%o — %o) P(20Zo, ¥0),
if o, %o are both finite, where
P(2oo, y0) = [P(Ze30) — P(2e30)]/ [Z0 — 2o].
We also make the following definitions: P(x¢yo) =P(Z¢ye) if 2o only is
infinite; P(x¢y0) =P (zoyo) if Z, only is infinite; P(xqy,) =0 if both z, and %,

are infinite. We call the function whose definition has been thus extended
the z-linear'extension of P.



1928] RELATIVE CONTENT AND GREEN’S LEMMA 411

TrEOREM 11. If P is defined on and interior to a simple closed curve C,
is continuous on C and has a bounded first partial derivative P, on K, the in-
terior of C, then the x-linear extension of P is continuous as to x uniformly
as to (xy) on R,.

To prove this we note that since P is continuous on C it is uniformly
continuous there, that is, there is a system (d! |e) such that

| P(1y1) — P(z2y2) | < ¢/3

for (®1y1), (x2y2) on C and [(x1—x2)*+ (31— y2)*] " <d!.

We say two points (o'yo), (xo’’ye) are of the first kind if they are both
on C; of the second kind if (xy,) is inside C for every x between x¢ and ¢’ ;
of the third kind if (xy,) is outside C for every x between x; and x4’ .

Consider first a pair (x0'y0), (xd’y0) of the first kind. It follows from the
above that for such a pair

| P(xd'y0) — P(x"y0) | < ¢/3
if |xo' —xo” | éd.l .
Next consider a pair of the second kind. Here by the mean value theorem

| P(2o'y0) — P(2o"30)| < | P& "y0) | | 2 — x| < N| 2’ — 2| < ¢/3,

if Ixo’ —xd’ | <d.’, where d.’ is the smaller of d/ and ¢/(3N), N being the
least upper bound on P, on K, and «’ "’ is between x¢ and x’.

Consider next a pair of the third kind. In this case there is a pair of the
first kind and also of the third kind* (x¢'yo), (xo™y0) such that x! <z,
x¢’ Zxo'’. But then by definition of x-linear extension

| P(ai'y0) — P(x0"ye) | = | P(ad'y0) — P(xoTy0) | |2d — 2o’ |/ |2t — 2ot |5 ¢/3

for |« —xd’ | <d., where d, is the smaller of d/’ and ed!/(6M), M being
the least upper bound of P on C.

We now consider an arbitrary pair of points (xo"ys), (2’ ¥0) in Ry such
that |xd —x¢’ |<d.. The interval (x{x,’) can be broken up into at most
three sub-intervals each of which with y, gives rise to a pair of points either
of the first or second or third kind. Hence

I P(x'y0) — P(xd"'y0) | S e/3+e/3+e/3=¢

for | —x¢’ | <d., which proves the desired theorem.
Theorems 6, 7, 10, 11 now give

* This is true unless P(xo"yo) = P(%0"¥0), in which case the result is obvious.
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THEOREM 12. If P is defined on a simple closed rectifiable curve C and its
interior K, is continuous on C and possesses a bounded integrable first partial
derivative P, on K, then K and K+C each have content equal to [[P.dxdy
relative to P\®yv and C is absolutely squarable relative to P,‘?y¥)  where
P, is the x-linear extension of P.

4. The generalized Green’s lemma. It is the purpose of this section to
prove

THEOREM 13. If P is defined on R, and C, a simple closed curve interior
to Ro, is absolutely squarable (P®yW), if K, the interior of C, has inner content
(P®@yW), and if, moreover, the integral [c Pdy exists,* then

f Pdy = contp,wK = contp®,w(K + C).
c

Let
C: x=¢(), y =y o=t

be parametric equations of C such that as ¢ varies from 0 to 1, C is described
in the positive sense. For brevity write

Py(t) = Plo(t), ¥(®)].

Now let ¢ be a fixed positive number and , a fixed partition of (01) into
intervals A,

o - t0(= 0):’1, ;tn—l,tn(= 1):

and suppose mo is such that if #Fm,, that is, if = is a partition obtained by
subdividing some or all of the intervals of 7, then

e
dey—Sr"PoAtP £—,
tJe 4

where

S0 PoAy = ;%{Po(A_w) + Po(Am) }y(ar).

Next let us form a partition II. of P by dividing R, into horizontal

strips py, - - -, px closed and non-overlapping (except for boundary points)
and also into equal vertical strips o1, - - -, o4 of the same character in such
a way that

* It is sufficient to assume the integral exists in the weak sense; that is all that is actually used.
(Cf. the author’s paper cited above.)
t Loc. cit., p. 492,
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(1) the width of each horizontal strip is at most equal to the common
width of the vertical strips;

(2) each of the points (¢(¢:), ¥(2:)) which corresponds to a division point
¢ of mo is on the common boundary of two adjacent horizontal strips;

(3) the inequality

> | P@(am) | y»(AL)e(C, AL < —;—
Al
holds for every partition IIFIL;

(4) the inequality

e
contp@,wK — > P@(AM)yW (Al [1 — (R, — K, AIl)]| T
Al
holds for every partition IIFIL..
Let us now consider the intersection K, of K with the interior of p,.
Since it is a region (that is, set of inner points), it can be resolved (uniquely)
into a finite or denumerably infinite number of connected regions:

Kr=Qr1+Qr2+Qr3+"'-

We say a region Q,; is of the first kind if its boundary contains an arc of C
which has points of intersection with both the upper and the lower boundaries
of p,; otherwise Q,; is of the second kind. It is easily shown that for given r
there are but a finite number of Q,; of the first kind; suppose the notation so
chosen that they are 0,1, - - -, Q:,. Let Q, be the sum of the Q,; of the second
kind. Then )
K =Q + Z‘;Q,.-,

where all the Q,; are of the first kind.

It is now easily shown that since Q.(¢:=1, - - -, 4,) is connected, its
boundary consists of (1) an arc a/; of C lying entirely within p, except for its
end points, of which the first* lies on the lower boundary of p, and the second
on the upper boundary of p,; (2) an arc a,] of the same character except that
its first and second end points are respectively on the upper and lower
boundaries of p,; (3) a finite or denumerably infinite number of arcs of C
each with its end points on the same boundary line of p,; (4) a finite or de-
numerably infinite number of segments of the upper and lower boundaries
of p.

* The first end point is the one which corresponds to the smaller value of ¢.
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We next form a certain partition m, of (01). To this end let I}, I.; be the
t-intervals corresponding to arcs a,;, a,, respectively. If a division point
t; of mo is not an end point of some I/ or I/, it is an end point of some I;
which is the t-interval corresponding to an arc of C which lies entirely in some
strip p, and has its end points on the same horizontal boundary line of that
strip. Now take m; as the partition whose points of division are the end points
of the intervals I/, I!! and existent intervals I,.

It can now be proved that if Am, is an interval of m;, then ¢(Am) =¢/(Am)
—y(Am;) =0 unless Am, is an I;or an I}]. For then Am, is either (1) an I,,
or (2) between an I, and an I’; or I/, or (3) between two intervals of types
I}, I}!. In case (1), ¢(Am) =0 obviously. The same also holds in case
(2); for otherwise Am, would correspond to an arc of C with end points- on
different horizontal boundary lines of p,. But then this arc would contain an
arc lying entirely in some p, and with its end points on different horizontal
boundary lines of that p, and would therefore correspond to an I}; or to an

/1. that is, Am, would contain some I’; or some I.; contrary to hypo-
thesis. The case (3) is similar, and the conclusion is established.

From what has just been proved, it follows that

SuPoby = S H{PuL}) + PoL) (L)

o) + 2H{Poll) + Polle) (I
But "

V(L) = v.) = y,, say,

v = ¥(L) = 3., say,

Y1) = — y(Iri) = Ay, say.

Moreover let us write

o7) = 3, (L) = 2,
o) = iy $(Ld) = -
Then (1) may be written

i l ’ "
Se'P oy = DAy X, — {P(&F) — Paidn)]
& 1 ’. "
(2) + 2y 3 Plag) — PE3}.

$m=1
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Now let R/, R}; be the rectangles

Ri: IS TS Ei, WSYS s
R:;: f::gxggr’o” 2f§y§yﬂ

Also let £, £; be respectively the upper and lower bounds of values of =
for points (xy) ift the (existent) rectangle o,- R/;. Then

3) [P(z9,) — P90 1Ay, = Z[PEwis) — Plridn) |aye.

Therefore

contp@,wK — 2 Z[P (iv"yr) - P (.%’r':)-’r)]Ayr

=

contpe,wK — Y, Z Y [PGEisr) — P(trisn) ]

+ T 5 T|pGus)

. [1 - G(Ro - th O'O'Rt’i) ]Ayr

P | -Ro = Quiy 01K -Byy S b - =2
- rei)i) | ° T Uriy s Alpi) r = —=—e.
S| 4o i rEYTTTY
Similarly
’ ’ 3
contpe,wK — > Z[PQ‘"‘Z’) - P(a‘;,"z,)]Ay,I s 7
so that by (4)
4 | contp,wK — S, 0PoAy| < Ze.
But
(5) f Pdy — S, 0PoAy | < te.
c

From (4) and (S) the theorem follows, since e is arbitrary.

5. On the existence of the line integral of Green’s lemma. Let the curve
C and its parametric representation be as above with the additional re-
quirement that the representation be one-to-one for 0<¢<1. Let P(xy)
be defined on R,. We seek sufficient conditions that [¢ Po(f)dy(t) exist,
where P, is as above. The first such condition is given by

THEOREM 14. If P is continuous on C, the integral [¢ Po(t)dy(t) exists if
¥(2) is of limited variation, in particular if C is rectifiable.
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For then Py(#) is continuous and the theorem follows from a well known
theorem on the Stieltjes integral.

We next obtain a condition less restrictive on C; to this end we first prove
two lemmas.

LEMMA 2. In order that
L 2(0arPo) | y(am) | = 0
Ax

1t is sufficient that
(i) P satisfy the Lipschitz condition

| P(2151) — P(2292) | < A| 21 — 22| + B| 91 — 9|
for every pair of points (21y1), (x2ys) on C;

(i) L B 2(0s¥) |v(am) | =0;
and T
(iif)* L4 gt(om) | v(am) | = o.

To prove this note that for every partition = of (01) there is a system
(br, tor |Am, 7) where £,7, £,7 dre in A, such that
0 < OarPo < 2[Po(t7) — Po(t5)]
= 24| o8 — ¢(B5D | + 2B () — v |
< 2[A0a+¢ + BOssy].

Hence
0= AE(OArPo) | w(am) |
s [A;(OA.¢)| (A7) | + B AZ(Oml«)l v(an) | ]
Therefore

L 2(0sPy) | ¥(an)| = o,

as was to be proved.
Lemma 3. The condition
L ;(OA,P.,) | gan)| =0

* The condition (iii) is equivalent to the same condition with A omitted if 4 0; but it is desired
to include the case when P is independent of y, in which case A may be taken to be 0; the condition
is then satisfied for all . A similar remark applies to (ii).
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is sufficient for the existence of [y Po(t)dy/(t) provided that P is continuous on C
and that P(x'y) SP(x''y) for every pair of points (x'y), (x''y) on C such
that x' <x'’.

For then the functions Py(f), ¢(#) satisfy one of the sufficient conditions
of Corollary 1, p. 505 of the author’s paper cited above.
We can now state the desired condition as

THEOREM 15. The integral [} Po(£)dy(2) exists if
(i) P-(xy) exists and is less in absolute value than a fixed number N on R,
and for each y, P.(xy) is a continuous function of x;
(ii) P, P, satisfy the Lipschitz conditions

| P(zys) — P(x32)| < C| 91— 9],
| Po(zy1) — Pu(xy2)| < D| 31— 91|

for every pair of points (xy1), (xys) on Ry;

(iii) L(C+ D) X(0sh) | ¥(am) | = 0;
(iv) LN AE(OA@) | ¥(ax) | = 0.

To prove this let us form the functions

1 F 3
P'(zy) = P(ay) + > f {| Pa(uy) | + Pau(uy)}du,

1 z
P(zy) = 5 [ {12 | - Putun)as.
Clearly
(6) P(xy) = P'(xy) — P"(xy)
and
(n P'(2'y) = P'(2"y), P"(«'y) < P"(2"y) (' < ).

Now consider the function P’(xy). We have

1
® | P(a3) = Pla)| =

f”{ |P=(u}’)'+P,(uy)}du| §N|x1— xa‘.
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Also .
| P/(xy1) — P'(zy2) | < | P(ayr) — P(ays) | + 5

j::{ | Pa(uyy

— | Pu(uys) | + Po(uy:)) — Po(uys)}du|

(9 = | Play) — Play:) | + f z| Po(uy1) — Pe(uys)| du

§C|y1—y2|+ fDIyl—yz|du

=C|y— 3| + (x — a)D| 31 — 3|

= EI N — yzl ’
where E=C+(b—a)D.

From (8) and (9) we get
(10) | P'(z1y1) — P'(mays) | S | P'(mayn) — P'zayy) |
+ |P'(x1yz) - P'(xzyz)| = NI ) — 23| + EI y1— ys| .
If we write
Pi() = P'[¢(®), v(1)],

we see, from (10) and the hypothesis, that the conditions of Lemma 2 are
satisfied* and hence

(11) L 2 (0s:Pi)u(am) = 0.

But (11) and (7) show (Lemma 3) that f,' P¢ (£)dy(¢) exists. Similarly if
Py’ (1) =P [¢(f), ¥(£)], it can be shown that [,'P¢’ (f)dy(t) exists. Hence,
by (6), J,' Po(t)dy(f) exists and equals [,' P¢ (£)dy(t) —f,'P¢’ (t)dy(f) and
the theorem is proved.

6. Two special cases. We can now state two important special cases of
Green’s lemma. The first is given by

THEOREM 16. If P(xy) is defined and continuous on a simple closed recti-
fiable curve C and is defined and possesses a bounded integrable partial derivative
P.(xy) on K, the interior of C, then [P (xy)dy exists and

fc P(enay = [ fx P.(xy)dzdy.

* The continuity of P in x and y together follows from (i) and (ii) which imply respectively that
P is continuous in x for every y and in y uniformly as to x.

1 This is the result obtained by Gross, except that he assumes P(xy) to be summable instead of
Riemann integrable.
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This theorem follows from Theorems 12, 13, 14.
The second is given by

THEOREM 17. If P(xy) is defined on R, and possesses a partial derivative
P.(xy) on the interior of R, and if C is a simple closed squarable curve interior
ta Ro, and K is ils interior, then

L P(zy)dy = fLPs(xy)dxdy,

provided [, P(xy)dy exisis and P.(xy) is bounded and integrable on R, in
particular, provided

(i) P.(xy) is, for each y, a continuous function of x;

(i) P and P, satisfy the Lipschitz conditions

| P(x31) — P(x32)| < C| 31— 31,
| Po(xy1) — P(xy2)| < D| 91 — 2],

for every pair of poinis (xy1), (xys) in R;

(i) L(C + D) X(0s) | ¥(ax) | = 0;
(iv) LN 3(0x9) | ¥(am)| = 0,

where N is the upper bound of |P.| on R,.

This theorem follows from Theorems 8, 9, 13, 15, since the hypothesis
implies the continuity in x and y together of P and P. (see first footnote,
p. 418).
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